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5TOMY M KOHQHIYpaLHH OKpyX)HOCTel (wp,we,wp) U (W, we, wh)
TakxKe paBHBlL. [IOCKOJIbKY OKDYKHOCTH B OOHOH TpPOHKe KacaiTcs
OLHOW mpsiMOii £ 4, TO K€ BEPHO U HJs1 APYTOH TPOHKU. DTO U OCTa-
BaJIOCh J10Ka3aTb.

3ameuanmne. Kaxnpii u3 maroB 1 U 2 MOXHO OCYLIECTBHUTb
10-1pyromy.

Hanpumep, Ha [llaee I MOXHO pacCyXkaaTh CJAeNyIOUIMM 00pa-
3oM. Ilyets ¢4p 1 £ 40 — COOTBETCTBEHHO BTOpasl BHELIHSS Kaca-
TeJbHAas K W4, Wp W BTOpas BHYTPEHHSS KacaTeJbHAasi K w4, Wo.
O6e oHH pasnensiioT TOUKU 4 ¥ B, Tak 4TO OHM COBNAjAal0T TOTAA
U TOJIbKO TOrAa, Korna ¢4 p || £ ac. [Mockombky I4Ip — GuccekTpuca
yrna mexny AD u {4p, a IpI1o — 6uccektpuca yria mexny BD
u fpc, npsMble {4p U {4c TapassesibHbBl TOTAA W TOJNBKO TOTIA,
korna Z(AD,DB) = 2/(IoIp,14I¢); nocienHee paBeHCTBO paB-
HOCHJIBHO ().

Hanee, u3 Belunciaenuit B Hauasne [llaca 2 MOXKHO 3aMETHUTb,
4To AJIMHA OOllel BHYTpeHHel KacaTeslbHOH K wp, wp paBHa CyMMe
JJIMH 00lLlel BHYTPeHHeH KacaTeJbHOH K w¢y, wp U 00lIed BHeIlHeH
KacaTesbHOH K wp, we. [locse 3TOro MoxKHO 3aMeHUTb 3TH OKPYXK-
HOCTH Ha TOUKy Ip U okpyxHocTH g, Q- ¢ ueHtpamu Ig, Io n
pagMycamu rg + rp, T + rp COOTBETCTBEHHO (31eChb rx — paguyc
OKPY?KHOCTH wy ), PO KOTOpble W3BECTHO, YTO AJIMHA KacaTeJbHOH
u3 Ip K (g paBHa cyMMe JJIMH KacaTeabHOH U3 Ip K o u obliel
KacaTesbHOU K 2p 1 Q. B 3TOM ciydae nokasatk, uto Ip JeXuT
Ha oOuield KacaTesabHOH K {25 U ), MOXKHO PasHBIMH CIIOCOOAMH.
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puc. 5). 3amerum, uto Ay upDap = |AAap — ADyp| =
AB+ AD—-BD AC+AD-CD| _ |[AB+CD - BD - AC|,
— . : _ - :
AHaJIOTUYHO,
|AB +CD — BD — AC|
BpcCpo = 5 = AapDap,
AD+ BC - AB—-CD
AppCpp = | 5 - BacDac-

Puc. 5

[Ipennonoxum Tenepb, uTo £4 KacaeTcss OKPYKHOCTEH w4, wer
U wp B Toukax Ly, Lo n Lp coorBerctBeHHo. Torma Ly Lp =
= AapDap = BpcCpc n LaLlo = AppCpp = DacBac.

PaccMOTPUM OKPYXHOCTH W, Wi M Wy ¢ uentpamu I, I7,
u I}, UMeiolHe Te Xe PaMyChl, 4TO H WpR, Wo M Wp COOTBET-
CTBEHHO, U Kacamouyecs £4 B Toukax L4, Lp u Lo COOTBETCTBEH-
HO (MpHYéM W' M Wy, JIeKaT 10 OfHY CTOPOHY OT {4, a W) — 10
npyrywo). Toraa cooTBeTCTBEHHbIE OTPe3KH OOLIMX KacaTeJNbHbIX K
Wi, W, W B K WR, We, wp HMEIOT ONMHAKOBbIE NIHHB (LIS We
M wp 3TO TPUBHMANBHO, [JISi OCTAJNbHBIX Map CJAefyeT U3 CKa3aHHOro
BHILIIE).

Orcrona JIeTKo cjieflyeT, YTO COOTBETCTBEHHBIE CTOPOHbBI Tpe-
yronbuukos Iplolp v IpIp I, pasuel (Hanpumep, Il = Iplc us
paBeHCTBA YeTHIPEXYroabHUKOB I Ly LpIl, n IpBpcCpclc). To-
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LBI4A =180° — ZLIoI4Ip (%)
PaBHOCHJIBHO TOMY, 4TO mnpsimasi ¢4, npoxoxsiiasi yepes P u R, —
ofI1ast KacaTeJibHAs K OKPYXKHOCTSM w4, W ¥ wp. [lycts mjis omnpe-
IeJEHHOCTH To4yka P Jexur Ha jayde DA (npyrve ciaydad aHa-
Joruynbl). [lockosbky w, BOHcaHa B TpeyrosbHUK ABD, nmeem
LAI4B =90° + ZADB/2; ¢ npyro#t croponsl, 180° — LIl 4Ip =
= /PIAR. 3Hauurt, (%) paBHOCHU/bHO paBeHCTBY /Pl 4R = 90° +
+ /PDR)2.

Puc. 4

O603HauuM yepes J LIEHTP OKPYKHOCTH, BIIUCAHHOH B TPEYTOJb-
HUK PDR. Touku 4 u J snexar Ha GUCCEKTPUCE 3TOTO TPEYTOJbHU-
Ka U3 Touku D, a (%) paBHOCHJIBHO ToMy, 4To LPJR = ZPI,R —
TO €CTh COBMaJeHHI0 Touek J U [4. DTO, B CBOIO Ouepelb, O3HAUaA-
€T B TOYHOCTH, 4YTO npssMble PR u RD CUMMETPUYHBl OTHOCHUTEJb-
HO Iplo, a mpsimele PD u PR cuMMeTpU4YHBl OTHOCUTeNBHO [ 41D,
TO ecTb 4TO PR KacaeTcsl BceX TPEX OKPYXKHOCTeH w4, wo U wWp
(we MexuT Mo Apyryio cTopoHy ot PR, HexKeJu OCTajbHble JBE).

Ananornuno, TpeGyemoe ycnosue LBIgA + ZloIglp = 180°
PaBHOCUJIBHO TOMY, UTO Y OKPYKHOCTeH w4, W U wp CYyLeCTBYeT
ob1ias KacaresapHas £, OTHOCUTEIbHO KOTOPOH W U wp JiexXaT 1o
OJIHY CTOPOHY, a w4 — Mo apyryto. Ocrajnoch oKasarb, 4YTO 3TH [Ba
(hakTa paBHOCHUJIbHBI.

llae 2. O603HAaUUM TOYKY KacaHHsS OKPYXKHOCTH wy ¢ AD
yepes A,p; aHanorudHO 0003HAYMM JAPYrHe TOUKH KacaHus (CM.
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Y CJIOBUS U PEMIEHUS 3AJAU

9 kaacc
Ha nocke HamucaHbl n > 3 pas/iHuHbIX HaTypaJbHbIX YHCE], MEHb-
wux, yem (n—1)! =1-2-...-(n—1). [das ka0 napbl 3TUX YHCeJ

Cepéxa nopesius 6oJiblilee HA MeHbIlIee C OCTATKOM H 3amucas B TeT-
pajiKy MoJiyueHHOe HemoJIHOe uacTHoe (Tak, ecau Obl oH gesaua 100
Ha 7, To oH OBl mosyuns 100 = 14 - 7 4 2 u 3anucan 66l B TeTPALKY
uncsao 14). [lokaxkuTe, 4TO Cpelu UUCes B TeTpajke HalayTcs NBa

PaBHbIX. (C. Bepros)
Pemenue. [Ipennosnoxum npotusBHoe. Ilyctb aq,a9,...,an —
yucsla Ha JOCKe B TOPsJKe BO3pacTaHHs, a ¢; — HEMOJHOe YacTHOe
OT HeJieHHs a;4+1 Ha a; (i =1,2,...,n —1); Torma a;41 > g;a;. Tak
KaK BCe ¢; Pa3/UuHbl, UMEEM (1G2 ... Gn—1 = (n — 1)!. 3Hauur,
In_ I Il s g > (n— 1)L,
ai Gp—1 Aan-2 ai
ITO HEBO3MOXHO, €CJNH a] H a, — HaTypa/JbHble UYHCJIA, MEHbIIHe
(n—1).

BepHo Jii, uTo /s JIOOBIX TPEX Pa3/MYHBIX HATYypaJsbHBIX YHCEN a,
b 1 c Halnércss KBaApaTHBIH TPEXUJeH C LeablMU Ko3((dHUIHeHTa-
MH U NOJIOKHUTEJNbHBIM CTaplIUM KO3((HULHEHTOM, NPUHUMAIOLINH B
HEKOTOPBIX LIeJIbIX TOYKAX 3HAueHUSs a3, b3 u 3? (A. Xpa6pos)

Ortser. [la, BepHO.

Pemenwne. [Toxaxewm, uto TpéxuneH
f(z) = (a+b+c)a? — (ab+be+ca)z+abe = 23 — (x—a) (z —b)(z—¢)
NoAXoANT. fcHo, 4TO ero Koa(p(ULHEHTbl LeJble W CTapLIMH Ko-
appunuerT a + b + ¢ monoxkurenen. Hakonen, jierko BUOETH, YTO
f(a) = a® — 0 = a?; ananoruumo, f(b) = b3 n f(c) = 3.
HepaBnoGenpennniéi Tpeyromsauk ABC, B kotopom LACB = 60°,
BIHCaH B OKpyKHOCTb §2. Ha 6uccekrpuce yrina BAC BeiGpaHa Tou-
ka A’, a na 6uccextpuce yrna ABC — rouka B’ tak, uto AB' || BC
u BA" || AC. Tlpsimasi A’ B’ nepecekaer 2 B Toukax D u E. Joka-
)kute, 4Tto TpeyroabHUK C'DE paBHOOeIpeHHBIN.

Pemenue. M3 napannensnoctu npsmeix AB' u BC' nosydaem,
uro ZAB'B = /CBB' = ZABB'. 3nauur, AB' = AB. Aunanoruu-

(A. KysHeyo8)
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Ho, AB = A'B. O6osnaunm ZBAC = 2a, ZABC = 2. Ilyctb, Ges
OrpaHHUeHHUsT OOLUIHOCTH, « > 3.
LTS -~ Al

Puc. 1

O603naunm yepe3 N cepenuny nyru AC B okpy»kHOCTH 2 (cM.
puc. 1). Torna AN = BN u LZANB = ZACB = 60°; 3HauwuT,
Tpeyronbiuk ABN paBHocToponnuil, AN = BN = AB = A'B =
= B’A. TlosToMy Touka A — LEHTP OKPYKHOCTH, OMUCAHHOH OKOJIO
TpeyroabHuka BN B'. 3amerum Torma, uto ZNBB' = /NBA —
— ZABB' = 60° — 3, otkyna Z/NAB' = 2/NBB' = 120° — 2§
u ZANB' = 90° — ZNAB'/2 = 30° + 8. Anasnoruuto, ZBNA' =
= 30° +a, otkyna ZB'NA+ /ZANB+ /ZBNA’' = (30° + 3) 4+ 60° +
+ (30° + o) = 120° 4 (a + B) = 180°. Urak, tTouka N JexxUT Ha
npsimoir A’ B,

[Tycts T'— cepenuna MeHblued ayru NC okpyxKHOCTH 2. 3ame-
taM, yto LZANT = LABT = (LABN + ZABC)/2 = 30° 4+ 8 =
= /ANDB'. 3nauur, Touka T takxe jexxut Ha npsamoii A'B’, u Tpe-
yronbHuK C'DE coBnanaet ¢ TpeyroabHUKOM C'NT'. DTOT TpeyroJb-
HUK paBHOOefpeHHbIH, nockosbKy NT = TC.

Kaxnas kiaetka mocku 100 x 100 okpauieHa au60 B YEPHBIH, JHUO0 B
Gesblil 11BeT, IPUUEM BCe KJIETKH, IPUMbIKAIOLIMe K IPaHHULle JOCKH —
yépuble. OKa3anoch, YTO HUTHE HA IOCKe HET OfHOLBETHOTO KJeTya-
Toro KBagpara 2 x 2. Jlokaxxute, UTo Ha MOCKe HAUAETCS KJeTUaThli
KBajapatr 2 X 2, KJeTKH KOTOPOro OKpallleHbl B II1aXMaTHOM MOPSIJKe.

(M. Anmunos)

Pemenne. IlpennosnoXum NpoTHBHOE: HA JOCKE HET HHU OJHO-
[BETHBIX, HU LIaXMAaTHO OKpAllleHHBIX KBaApaToB 2 X 2. PaccmoTpum
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MOXeT okaszatbes Juib npu N = 1. M3 atoro u Gyner cienosathb
OTBeT B 3ajaye.

Baza mpu N = 1 oueBupgna. s mepexoma MpenrosioKuM, 4TO
N >11Ilyetb 1 =dy <dg <...<dy <dgy; = N —Bce neaure-
au gucaa N. [locse nmepBoii 3aMeHBl HA JOCKE OKaXKyTcs uuchaa di,
dg, ..., dj. MbicieHHO pasgenuM AOCKy Ha k dacTedl Tak, 4TOObI
YKCJI0 dj HAXOMMJIOCh B j-0f 4yacTu. [lasee npu Kaxkmoi sameHe Gy-
JIeM BBIITUCHIBATb NPEEMHHUKOB YHUCJA B Ty 2Ke 4acTb, IJie OblJIO caMo
yucgo. [To mpennosnoxeHno UHAYKUHH, B j-H 4ACTH NOCKH He MOXKET
OKazaTbcs 6oJibllle, YeM d? quces. 3HAUUT, 0Olllee KOJTUYECTBO HUCE

Ha JIOCKe He MOXKeT MPeBhIIIAaTh d% + d% +...+ d%.

3ameTuM Temepb, uto uucaa N/dy > N/dy > ... > N/dj >
> N/dj41 Taxkxke sBAstioTCs AeanTes1aMu uncaa N. CrelnoBarelbHo,
OHHM paBHbl YucaaM dgy 1, di, . .., d2, di cooTBeTcTBeHHO. C yuéToMm
JIEMMBI TI0Jy4aeM, uTo o0llee KOJUYeCTBO YHCE] Ha JIOCKe He OymeT
TPEBOCXOAUTb YHCJ/IA

N2 N? N2
Brdit. tdi= gt gty =
2 2 2
2., & d?
11 1
:N2<—+—+...+—><
2 2 2 =
3 d3 a2,
11 1
2 2 _ A2
<N (2—2+3—2+...+—N2><N 1= N2,

4TO U TpeboBaNOCh 0KA3aTh.
Jlan BeIMyK/BIH 4eTblpéxyroabHUK ABCD. O6o3HauuM depes 4,
I, Ic v Ip UEHTPBl OKPYKHOCTEH wy, wpg, WC U Wp, BIHUCAH-
HBIX B TpeyronabHukn DAB, ABC, BCD u CDA cOoOTBETCTBEH-
Ho. Okasanock, uto £BIgA + ZIglalp = 180°. JlokaxuTe, 4TO
LBIgpA+ Zlpglglp = 180°.

Pemenwne. [llaz 1. O6o3Hauum uepe3 P LEHTP TOMOTETHH C
TOJIOKUTENBHBIM KO3((HULHEHTOM, MepeBoasiiedl w4 B wp (ToY-
Ka P MoxeT okasaTbcsl 6€CKOHEUHO yIA/JEéHHOH), a 4yepe3 R — HeHTp
FOMOTETHH C OTPHULATEJbHBIM KO3(P(PULHEHTOM, NepeBoisillel w4
B we (cM. puc. 4). Ilockombky AD — ofuiasi BHeIIHsIS KacaTesb-
Hasl K w4 U wp, uMeeM P € AD; ananoruuno, R € BD.

[lokakeM, 9TO maHHOE YCJIOBHE

(A. KysHeyo8)
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3ameuyanue. MoXHO MokKasaTb, 4To Npu Jwo6om n > 30 Hau-
6oJibliee YUCJI0 QULIEK, KOTOPbIE MOXKHO Pa3MeCTHUTh Ha JOCKE 1 X N
COTJIaCHO ycaIoBHAM, paBHO 20(n — 10).

[IpuBeném cooTBeTcTBYIOIMYIO OlLleHKY. [IycTh, 6€3 orpaHudyeHus
OOLIHOCTH, Ha JIOCKE eCThb a Pa3HOLBETHbIX CTOJOLOB U b > a pas-
HOLBETHBIX cTPoK. Ecau b < n — 10, TO, KaK U B pelleHHH, Noayya-
eM, 4to obuiee yucao ¢uiiek He Gosbiie 10a + 10b < 20(n — 10).
[Iycte b > n — 10. Torma B b cTpokax paclONOKeHO MaKCUMyM
no 10 ¢umex; ¢ Apyrod CTOPOHBI, Kaxpnas (pUIIKa AOJKHA HaxXo-
JIUTbCS B PasHOLBETHOM psilly, TaK UTO B IepeceyeHHH m — a Of-
HOLBETHBIX CTOJIOLOB U M — b ONHOLBETHBIX CTPOK (DUILIKH CTO-
ATb He MoryT. [loatoMy B m — b OIHOLIBETHBIX CTPOKax He 0Go.lee,
yeM no a(< b) ¢uiiek, u obliee 4yucao Quilek He GoJblie, YeM
10b + (n — b)b = (n 4+ 10 — b)b < 20(n — 10) (moc/aenHee HepaBeH-
CTBO BBINOJIHEHO, NMOCKOMBKY (1 + 10 — b) + b = 20 + (n — 10) u
n+10-56<20<n—10<D).

M3HauanbHO Ha MOCKe HamucaHo HaTypasbHoe uuciao IN. B mwo6oi
MOMeHT Muiia MoxkeT BblOpaTb 4YHCJAO a > 1 Ha J0CKe, CTepeTb
€ro M JONHcaTb BCe HAaTypaJbHble AeJUTENH a, KPOMe HEro camoro
(Ha oCKe MOTYT TMOSIBAATBCS OfMHAKOBBIE yHcaa). Uepes HekoTOpoe
BpeMs 0Ka3aJoch, 4TO Ha gocke HamucaHo N2 uuces. ITpu kakux N
3TO MOTJIO CJYYHUTBCS? (M. ®adun, K. Kosasrenko)
Oreer. Tonbko pu N = 1.
Pemenne. Jlemma. [Ipu awbom namypasvHom n > 1 sepro

HepaseHcmso

1 1 1
2—2+3—2+...+p<1.

HoxkasareabcTBo. fcHo, yto npu t > 1

1 1 1 1
t2<t(t—1)_t—1 t’
CksanbiBasi Takue HepaBeHCTBA NpU ¢t = 2,3,...,n, Nonydaem
1 1 1 1 1 1 1 1 1
2—2 3—2+...+m<1—§+§—§+...+n_1—ﬁ:1—E<1,
4TO U TpebOoBaJOCh. g

Hoxaxkem uHayKuuedl nmo NN, 4To npH J0060M HaTypasnbHOM N
Ha J0CKe OKaxkeTcs He Gosee N2 umces, npuuém poBHo N2 umces
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BCe OTPE3KU CETKH, pasflesisifolliie Be Pa3HOLBETHBIX KJIeTKH (Ha30-
BEM UX pasdesumessimu); TyCTb UX KOJHUYECTBO PaBHO N.

B n06oM KBagpate 2 X 2 ecTb MO0 POBHO OfHA KJleTKa OLHOrO
U3 [IBETOB U TPH KJETKH APYToro, 1u60 IBe COCeTHUX Oe/BbIX KAETKU
U [1Be COCefHMX 4épHbIX. B 0060uX cayyasx BHYTPU KBaapaTa ecTb
POBHO [Ba pasjieuTessi. Bcero ksampaToB 2 X 2 umeetcs 992, a
KaXKblH pas3[esuTesb JEXKHUT BHYTPH POBHO ABYX U3 HUX (IIOCKOJBKY
K rpaHHIe PA3NeUTeNH He PUMbIKaioT). 3Hauut, N = 2-(99%)/2 =
= 992,

C npyro#l ctopoHbl, N NOMKHO ObITb UETHBIM. JlefcTBHUTE/bHO,
B KaXKIOW CTPOKe M KaK[IOM CTOJIOLEe TIepBasi U MOCJAeIHsS KJAeTKa —
4yépHble; M03TOMY TaM AOJXKHO ObITb YETHOE UMCJIO NepeMeH LBeTa.
[TpoTtuBopeune.

3ameuyanne 1. BwmecTo mnoacuéra KosuuecTBa pasjesuTesieit
MOXKHO CYHUTATh KOJHUECTBO PA3HOLBETHBIX «IOMHHOLIEK» (TIPSIMO-
YTONIBHUKOB 1 X 2) — 3TO TO K€ caMoe KOJHWYeCTBO, JUOO0 Ke KOJH-
YeCTBO ONHOLBETHBIX «IOMUHOLIEK» — OHO paBHO 2-100-99 — N.

3ameuyanne 2. UYérHocTb oOliero KoJjuyecTBa pasjesuTesieit
MOXKHO J0Ka3aTb pPasHbIMM MeTodaMH. Hanpumep, MOXHO 3aMeTHTb,
4YTO eC/IM BCe BHYTPEHHME KJ/ETKH OeJible, TO YHCJO pasfe/uTesel
paBHO 4 - 98, a npu J11000H Nepekpacke BHYTPeHHeH KJIETKU OHO MO-
JKeT U3MEHUTBCS TOJbKO Ha YETHYIO BEJUUHHY.

MoxxHO TakxKe 3aMeTHTh, YTO BCe pa3fiesuTe M pa3bruBaloTcs Ha
HECKOJIBKO 3aMKHYTBHIX JIOMaHbIX (B pacCMaTpHBAeMOM CJiydae dyepes
KaXAbll BHYTPeHHHH y3eJ NPOXOAUT POBHO [1Ba pasiesiuTeJs, Tak
4TO 3TH JOMaHble NaxKe He MMEIOT OOMIMX BEpUIMH), a B KaxKao#
3aMKHYTOH JIOMaHOH W3 OTPE3KOB CETKH MX KOJMYeCTBO 4éTHO (Io-
CKOJbKY YETHBI KOJMYECTBA TOPU30HTAJIbHBIX U BepPTHUKAJbHBIX OT-
pEe3KOB).

10 kaacc

. Ha OOCKY BBIITHMCAJH BCE COOCTBEHHbIE E€JUTETH HEKOTOpPOro CoCrtaB-

HOI'0 HaTypaJbHOI'0O HUcCJa N, YyBEJUYECHHbIEC HaA 1. Haligute Bce Takue
4yucaa n, OJisd KOTOPbIX YHUCJAa HAa NOCKE OKaXXYTCA BCEMHU coOCTBEH-
HbIMH JEJAUTENAIMHU HEKOTOPOTO HATYypaJbHOT'O YHCJIA M. (CO6C!’I’LB€H-
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HoiMU Oesumensmy HATYPaAIbHOTO UKCa a > 1 Ha3blBalOTCS BCE ero
HaTypaJibHble NEeJUTENH, OTIHYHbIE OT @ U OT 1.) (A. Xpabpos)

OtBer. n = 4 uau n = 8.

IlepBoe pemenue. 3amMeTHM, YTO YUCJIO 2 HA AOCKY HE BhIIIKCA-
HO, 160 1 — He COOCTBEHHBIH NEJUTEJb N, CTAJ0 OBITh, M HEUETHO.
3HAYUT, BCE BBITUCAHHbLIE NEJUTEJH 1 HEYETHBI, a NTOTOMY BCe [e-
JauTend n 4€THBL. MTak, n He NeJUTCA HAa HEYETHBIE NPOCThIE YUCJA,
TO €CTh M — CTeNeHb JBOHKH (M BCe ero NEJIUTENH — TOXKeE).

Ecau n menutces Ha 16, To 4 ¥ 8 — ero coOCTBEHHbIE JEJTUTEJH,
MO3TOMY Ha HOCKy BeinucaHbl 5 U 9. Crasno 6biTh, m Aeautcs Ha 45 u,
B YaCTHOCTH, 15 sBJsieTCcs ero cOOCTBEHHBIM AenauTesieM. Ho gmcyo
15 BeIMUCAHO OBITH HE MOTIJIO, TIOCKOJNBKY 14 He SIBJsSIeTCS CTeNeHbIo
nBoiiku. CjieoBaTesIbHO, 1 HE MOXKET AeJUThCs Ha 16.

OcraBiuvecs: (cocTaBHbIE) CTENMEHH ABOMKH n = 4 U n = 8 mof-
XOAAT: AJISI HUX MOXKHO COOTBETCTBEHHO MOJIOXKHUTh m = 9 u m = 15.

Bropoe pemenue. [Iyctb a1 < ag < ... < aj — Bce COOCTBEH-
Hble JeJUTEeNH n. 3aMeTHM, 4TO BCe 4ucaa n/ay; > njag > ... >
> n/aj — TakxkKe COOCTBEHHbIE AeJUTENH UhCaIa n. 3HAUUT, OHH CO-
OTBETCTBEHHO COBNAJAIOT C Af, Ak _1,.-.,A]1, TO €CTb A;Ak4{_; = N
npu Bcex ¢ = 1,2,..., k. AHajoruuHoe paccy>XJeHue MOXHO MpPOBe-
CTH OJs1 JeJUTeJeld Jucaa m.

[lycts k > 3. Torna ayay, = agap_1 =n u (a1 + 1)(ap, + 1) =
= (ag + 1)(ap_1 + 1) = m, otkyna a1 + a;, = a2 + aj_1 = m —
—n — 1. Buguwm, uto y nap uucen (ay,ay) 4 (ag,ap_1) COBNALAIT U
CyMMa, U MpPOU3BelleHHe; MO TeopeMe BueTa, oHU ABJAIOTCS Mapamu
KOPHEH OJIHOTO M TOTO Ke KBaJPaTHOTO YPaBHEHHS, TO €CTb 3TH Maphl
JOJIKHBI COBIMAaaTh — MPOTHUBOpPEYHE.

Urak, k < 2; 9T0 BO3MOXKHO, €C/IH n = p2, n = p> Wi n = pq,
e p U ¢ — NPOCThle YKca (B MocjaeHeM caydyae OyieM CUUTaTh, YTO
p < ¢). 3aMeTUM, 4TO p — HAUMEeHbIIIHE COOCTBEHHBIH AeNUTEIb N, a
U3 ycsioBUs p+ 1 — HAaUMEHBIINH COOCTBEHHBIH JEJUTENb 1, TO €CTh
p + 1 —npocroe uucno. 3uauut, p = 2. Cayuan n = 22 u n = 23
MOAXOAST, KaK OTMeYeHO B mepBoM peutenuu. Cayudail xe n = 2q
HeBO3MOXKeH. [leHcTBUTENbHO, B 3TOM CJydae y m €eCTb JHIIb ABa
COOCTBEHHBIX HenuTens 3 U ¢ + 1, To ectb m = 3(q + 1), npuuém
g + 1 — mpocToe uuca0, OTAWYHOE OT 3, WM JeBATKa; oba cjaydas
HEBO3MOXKHBI TIPH TIPOCTOM q.
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<bYGD) +cV/G(c) = ¥/ Pb) + V/P(o),

4To U TpeboBaJ/loCh 10Ka3aTh.

B HekoTopeix KjeTkax kBaaparta 200 x 200 CTOWT 1o OnHOH GuIl-
Ke — KpacHOH WJ/IM CHHeH; ocTajibHble KJeTKH mycTbl. OnHa (ulka
gudum [IpPyrylo, eCcJU OHHM HaxXOASTCS B ONHOH CTPOKE WJH OLHOM
cronbue. M3BecTHO, uTO Kaxkjaas (UIIKa BUIUT POBHO MATb (PUILIEK
Ipyroro uBeta (M, BO3MOXKHO, HEKOTOPOE KOJHYECTBO (DUIIEK CBOETO
uBera). Haiinure HauGosbllee BO3MOXKHOE KOJMYECTBO (DUIIEK, CTO-
AUIUMX B KJETKax. (H. Boedaros)

OtBet. 3800 durmex.

Pemenne. [Ipumep, conepxawmuii 3800 ¢uluek, noaydaercs, Ha-
npumep, Tak. Boigennm y kBagpata 200 x 200 «kaéMKy» LIUPHUHBEI D.
Ota KaéMKa COCTOMUT M3 YeTbIpEX YIVIOBBIX KBaJApaToB H X 5 U ye-
TBIPEX MPSMOYTONBHUKOB 5 X 190. PaccTaBuM (UIIKK B 3TH 4YeThIpe
NpPSIMOYTOJIbHUKA: B JIEBBIH U B BEPXHUH — KpacHble, a B NpPaBblH U
B HWXKHUH — cuHHe. HeTpynHo BUIETh, YTO 3TOT NIPUMED YAOBJAETBO-
pseT BceM TpeGoBaHHUAM, U B HEM N0 1900 KpacHBIX U CUHUX (PUILEK.

Ocranock nokasatb, uTo (ulleK He MoxeT ObITh Gosbiue 3800.
PaccMoTprM NpoM3BOJIBHYIO pPacCTaHOBKY (DUILEK, YIOBJETBOPSIO-
uyto TpeboBaHusM. HasoBém psin (CTpoKy uaM cTosbel) pasHo-
Y8emHbiM, eCid B HEM €CTb (DUIIKH 00euX [IBETOB.

CnenaeMm cpasdy [Ba MoJe3HbIX 3aMedyaHMs. Bo-nepBeix, Kaxkaas
(UIIKa BUOUT KaKyO-TO (PUIIKY APYroro LBeTa, MO3TOMY Kaxaas
(ulIKa JeXXUT XoTd Obl B OAHOM pasHouBeTHOM psny. Kpome Toro,
MOCKOJIbKY Pa3HOLBETHBIM PSili COLEPKHUT KPacHYIO (pUIIKY, B HEM He
MOXeT ObITh 6oJiee MATH CUHUX (ulleK (MHAye KpacHasi BCe UX YBH-
IWUT). AHAJOTHUHO, B PA3HOLBETHOM PsiLy He Gosiee MATH KPacHBIX
¢uilek, To ecTb Bcero He 6oJsee 10 ¢urex.

Tenepb HeTpynHO MONYy4YUTh Tpebyemyto oueHKy. Ecan ects 191
pasHoLBETHAas CTPOKA, TO B HUX He OoJjiee 191-10 = 1910 ¢uiuek, a B
OCTaBLIMXCS AEBATH CTpoKax He GoJjee 9 - 200 = 1800 ¢uiuek, utoro
He Gosbiie 1910 4+ 1800 < 3800 dumiek. AHalOTHYHO pas3bupaetcs
cayyadl, korna ectb 191 pasHouBeTHbl# cTos6en. Eciu ke u Tex n
npyrux He 6osee, uem o 190, To oHu comepxkar He Gosee 190 - 10 +
+ 190 - 10 = 3800 ¢uiuex, npuuéM Bce (PUIIKH cOmepKaTcs B 3THUX
psanax. OueHka moKaszaHa.
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Puc. 3

ITockonbky K B’ = K1, us cummerpuu noaydaem K'B = K'I; xpo-
me Toro, C1B = C1I v A1 B = Al no semme o mpesybue. Takum
o6pasoM, Touku K’ A1 u C| niexaT Ha OHOH MPSIMOE — CepeMHHOM
nepnennukyaspe k BI. [lockoabky OI L K'Ky, no aemme o 6a6o4-
ke nas detbipéxyroabiuka ACyA1C nonyuaem K'I = IK7. Ho u3
cummerpun K'I = I K. CnenoBatesbho, Toukd K1 1 K COBNagaor.

11 KJaacc

[Tycts P(x) — MHOTOYJIEH CTEMEeHH n > 2 ¢ HEOTPULATENbHBIMH KO-
srureHTamMy, a a, b U ¢ — IJUHB CTOPOH HEKOTOPOTO TPeyroJb-
Huka. Jlokaxure. uro uucna V/P(a), Y/P(b) u V/P(c) takxe siB-
JISIIOTCS IJIMHAMH CTOPOH HEKOTOPOTO TPEYTroJbHUKA.

Pemenue. [lyctp, 6e3 orpanndenus obuiHOCTH, a = b = ¢; aTH
TPH TIOJIOXKHUTENbHBIX YHC/A SBJASIOTCH AJHHAMU CTOPOH TPEYTOJNbHH-
Ka TOTJa M TOJbKO Toraa, korna a < b+ c. ITockosbky KoaddpuumneH-
Tl P(x) HeoTpuuatenbHsl, umeeMm P(a) > P(b) > P(c) > 0; 3Hauur,
HaM Hajo npoBeputs, uto y/P(a) < Y/ P(b)+ Y/ P(c).

Mycts P(x) = ppa™ +pp_12" L +. ..+ py. O603naunm G(z) =
= P(x)/z". 3ameTum, 4To

Gla) =pn+ 2t 4 B, Bl P0G
a

+ b b
, aHasoruuHo, G(a) < G(c). 3Hauwur,

V/P(a) =ay/G(a) < (b+¢)V/G(a) <

(H. Aeaxaros)
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[Tycts P(x) — MHOTrOUJIEH CTeMeHH n > 2 C HeOTPULATEJNbHBIMU
KO3(pULHEeHTaMH, a a, b U ¢ — LJUHBl CTOPOH HEKOTOPOrO OCTPO-
yrospHOro TpeyrosbHuKa. Jlokaxkute, yto unucaa y/P(a), Y/ P(b) n
{/P(c) Takke SIBASIOTCS AJMHAMH CTOPOH HEKOTOPOTO OCTPOYTOJIb-
HOT'O TPeyroJbHHUKA.

Pemenue. [lyctb, 6e3 orpaHuueHuss obuiHOCTH, a = b = ¢
3TU TPH MOJNOXKHUTEJbHBIX UHCJAA SIBASIOTCS [JHHAMH CTOPOH OCT-
POYTOJIbHOTO TPeyToJbHHKAa TOLMA M TOJNBKO TOTAa, KOra a’ <
< b% + ¢2. TlockonbKy Ko3(HuIHeHTH P(z) HeoTpHIaTe/IbHEL, HMe-
eM P(a) > P(b) > P(c) > 0; 3Ha4uT, HaM HaJ0 NPOBEPUTb, UTO
YP(a)? < YP(b)?2+ Y/ P(c)2.

Mycts P(x) = ppa™ +pp_12" "L +. ..+ py. O603nauum G(z) =
= P(x)/z". 3ameTum, 4To

Gla) =pn+ L4+ B+ Bl L+ B =G

b b
u, aHajoruuto, G(a) < G(c). 3Hauwr,

Y P(a)? = a? Y/ Ga)? < (1 + P) Y/ G(a)? <
ngWGwﬁ+m2"G®P=:VP®V+-VP@V,

4TO U TpebOBaJOCh 10KA3aTh.
Kaxnasa knetka nocku 100 x 100 okpaiieHa snub0 B 4€pHBIH, JH-
60 B Oe/iblfl L1BET, NMPUYEM BCe KJETKH, NMPUMBIKAIOLUIME K TPaHULE
nocku — uépHele. OKasaJjoch, YTO HHUIJle Ha JOCKe HeT OfHOLBETHO-
ro KJeT4aToro kpajapara 2 X 2. Jlokaxkute, 4To Ha JOCKe HaWmércs
KJIeT4aThblil KBagpar 2 X 2, KJeTKH KOTOPOro OKpalleHbl B IIaXMaTHOM
NOpsiKE. (M. Anmunos)

Pemenne. [Ipennonoxum NpoTUBHOE: Ha JOCKE HET HH OJHO-
LBETHBIX, HM [IaXMaTHO OKpalleHHbIX KBaapaToB 2 x 2. Paccmorpum
BCE OTPE3KU CETKH, pasfiesisifolline Be Pa3HOLBETHBIX KJIEeTKH (Ha30-
BEM UX pasdesumessimu); TyCTb UX KOJUYECTBO pPaBHO N.

B n06om kBagpaTe 2 X 2 ecTb MO0 POBHO OHA KJETKa OLHOTO
U3 LIBETOB U TPH KJIETKH APYToro, Jubo ABe COCeAHUX OeJsblX KJeTKH
U [Be cocelHHUX 4Y€pHBIX. B 06ouX ciayuyasx BHYTPH KBaapaTa ecTb
pPOBHO 1Ba paszgenuTens. Bcero kBagpaToB 2 X 2 uUMeeTcs 992, a
KaXK/IbIH pPa3/ie/IUTe b JIeKUT BHYTPH POBHO ABYX M3 HUX (IOCKOJBKY

(H. Aeaxanos, O. Iloorunckuti)
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K rpaHHIe PA3NeNUTeNH He NPUMbIKaioT). 3Hauut, N = 2-(99%)/2 =
= 992,

C npyro#l ctopoHbl, N NOMKHO ObITb UETHBIM. JlefcTBHUTE/bHO,
B K2XKIOU CTPOKe M KaKIOM CToJIOLe TIepBasi U MOCJAeHsS KJAeTKa —
4épHble; M03TOMY TaM AOJKHO ObITb UETHOE UHCJIO NepeMeH liBeTa.
[TpoTtuBopeuue.

3ameuyanne 1. BwmecTo noacuéra KosuuecTBa pasjesuTesieit
MOXKHO CYHUTAThb KOJHUECTBO PA3HOLBETHBIX «IOMHHOLIEK» (TIPSIMO-
YTONIBHUKOB 1 X 2) — 3TO TO K€ caMoe KOJHUYeCTBO, JUOO0 Ke KOJH-
YeCTBO OJHOLBETHBIX «JIOMMHOILIEK» — OHO paBHO 2 -100-99 — N.

3ameuanune 2. UYErHocTh 006IIEro KOJHUECTBA pPa3eUTEJEH
MOKHO [10Ka3aTb pasHbIMM MeTonamu. Hampumep, MOXKHO 3aMeTHTB,
YTO €CJIM BCe BHYTPEHHHE KJIEeTKH OeJible, TO UHUCJ]O pa3fesurenei
paBHO 4 - 98, a npu J11000H Nepekpacke BHYTPeHHeH KJIETKU OHO MO-
JKeT U3MEHHUTHCS TOJIbKO HA YETHYIO BEJHUUHHY.

MoxHO Tak:Ke 3aMeTHTb, UTO BCe pasle/uTe/] M pasduBaloTCcs Ha
HECKOJIBKO 3aMKHYTBIX JIOMaHbIX (B pacCMaTpHBAeMOM CJydae dyepes
KaxK[Iblil BHYTPEHHHUH y3es NPOXOAUT POBHO [Ba pasjiesuTess, Tak
4TO 3TH JOMaHble NaxKe He MMEIOT OOLIMX BEpLIMH), a B KaxKao#
3aMKHYTOH JIOMaHOH W3 OTPE3KOB CETKH MX KOJMYeCTBO 4&THO (Io-
CKOJIbKY YETHbl KOJIMUeCTBa FOPU30HTANBHBIX U BEPTHKAJNBHBIX OT-
PE3KOB).

HepaBnoGenpenuslii TpeyroibHiKk ABC BNUCaH B OKPYKHOCTb C
ueHTpom O M ONHCAH OKOJMO OKPYXKHOCTH ¢ ueHTpom [. Touka B’,
CUMMeTpU4Hasi Touke B oTHocuTesnbHO npsMod OI, nexXUT BHYTPH
yria ABI. JlokaxuTe, UTO KacaTejbHble K OKPYKHOCTH, ONHUCAHHOH
oKoJ10 TpeyroabHuka BB'I, mposenennble B Toukax B’ u I, nepece-
KatoTcsi Ha npsmoil AC. (A. Kysneyo8)

IlepBoe pemenue. [lycTb npsamas Bl BTOpUUHO MepeceKaeT
OKPY?KHOCTb, OMHCAHHYI OKoJo TpeyrosbHuka ABC, B Touke S.
[ycte ayun SB’ u CA nepecekatorcs B Touke T' (cm. puc. 2).
[To semme o mpesybuye nmeem SA = SC = SI. U3 paBeHcTBa
IB = IB' nonyyaem ZIB'B = ZIBB' = ¢. Tak kak OB = OB/,
yeThipéxyroibHuk AB’'SB Bnucan, otkyna Z/SAB' = /SBB' = ¢.
Yron SAC — BHewHu# ngs tpeyronbHuka SAT, otkyna LATS =

3akrountesnbHbii stan, 2016-2017 yuebHbid rox. Bropok neHb

= /SAC — /ASB' = /SBC — /ABB' = /SBA — /ABB' =
= /SBB' = ¢.

Puc. 2

Takum o6pasom, /B'AS = ¢ = LATS,; 3Hauut, TPeyronbHU-
ku SAB' u STA nomo6ubl no aByM yraam, oTkyga SB’' - ST =
—= SA% = SI?. CnenosatesibHo, npsMasi SI KacaeTcsi OKPYXKHOCTH 7,
onucanHoi okoso Tpeyrosibhuka TIB'. Torna ZITB' = /B'IS. Ho
yron B'IS — Hewnuil ans tpeyronbuuka [BB’, mostomy oH pa-
BeH 2¢. 3Hauut, LITA = ZITB — ¢ = 2¢ — ¢ = ¢.

O603HaYMM BTOPYIO TOUKY T€pecedeHHsi OKPYKHOCTH <y C TIpsi-
Mot AC uepes K. Umeem /KB'I = /KTI = ¢ = /IB'B. Tak-
xe /KIB' = /KTB' = ¢ = ZIBB’'. Takum o6pasom, npsMbie
KI u KB’ kacaioTcs OKpy»KHOCTH, ONUCAHHOK OKOJIO TPeyroJbHUKA
BB'I, a touka K nexut Ha npsmoii AC' 110 MOCTPOEHHIO.

Bropoe pemenne. [Tockonbky OB = OB’ u3 cummeTpuu, Tou-
Ka B’ neXuT Ha OKDPYXXHOCTH ), OMHCAHHOH OKOJIO TPEyrOJbHHU-
ka ABC. Ilyctb ayun Al u CI BTOPUYHO IlepeceKaloT OKPYXK-
HocTh 2 B Toukax A; u (7 coorBerctBeHHO. [lycth K — Touka
nepeceyeHrs] KacaTeJbHBIX K OKDPYXKHOCTH, OMHCAHHOH OKOJIO Tpe-
yronbuuka BB'I, nposenennbix B Toukax B’ u I; torna KI = KB'.
[Tockonbky IB' = IB, umeem /IB'B = /IBB' = /KIB’', otkyna
KI|BB'w KI 1 OI.

I[Tycts K’ — touka, cuMMeTpudHast Touke K OTHOCHTEJIBHO Mpsi-
Mol OI, a K1 — Touka nepecedenus npsimbix K1 u AC (cm. puc. 3).

9



